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epresentation is more than a process,
itisaway of teaching and learning math-
ematics.
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Vignette: Four beginning third graders were
working to solve a story problem: Anna had
63 stickers. She gave some to Tricia. Then
Anna had 27 stickers. How many stickers
did Anna give to Tricia? Brett said, “Well,
27 and 3 make 30, 30 more makes 60, and 3
more makes 63, so it's3 + 30 + 3 = 36”
Stacey wrote her solution on her paper as
60 — 20 = 40. She crossed out 40 and wrote
30 in its place; next she wrote 13 — 7 = 6,
then the difference of 36. Heather, using
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Representation:
An Important
Process for Teaching
and Learning
Mathematics

Unifix cubes, gathered 6 ten-sized rods and
3 single cubes, took 2 away, then broke 1 of
the remaining 4 rods into ones and took 7
away. She had 36 left. Maria added 4 to 63
to make 67, then added 4 to 27 to make 31.
She said that seeing the difference of 36 was
easy. These four students, al in the same
grade at the same school, used different
strategies and representations to solve the
problem.

What Is Representation?
Representation is one of five mathematical
processes presented in Principles and Standards
for School Mathematics (NCTM 2000). These
processes may be thought of as the “filter” through
which the five Content Standards are developed.
They should guide the ways in which we teach
mathematics and support students’ learning.
Teachers and students easily recognize the
importance of the mathematics content topicsin a
particular grade or grade band but are less likely to
recognize and understand the role of the mathe-
matical processes. In the twelve years since the
publication of Curriculum and Evaluation San-
dards for School Mathematics (NCTM 1989), cur-
riculum developers, textbook publishers, and
teachers have ignored the fact that content and
process are intertwined. Students cannot solve
problems without knowing the mathematical con-
tent conveyed in those problems, nor can they solve
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The importance of representation

* Representations are powerful tools for
thinking; they make mathematical ideas
more concrete and available for reflec-
tion. They support and extend reasoning
by helping students focus on essential
features of the mathematical situation.

* Representations help students recog-
nize the common mathematical ele-
ments of different situations.

e Understanding and using mathematical
concepts and procedures are enhanced
when students can transfer understand-
ing among different representations of the
same idea. Students need to develop and
use a wide variety of representations.

» Teaching forms of representation as
ends in themselves is not productive.

» Representations give learners useful
tools for building understanding, com-
municating information, and demon-
strating reasoning. (Greeno and Hall
1997)

problems without using mathematical processes.

The Process Standards provide essential support
for learning mathematics content. The writers of
Principles and Standards reaffirmed the impor-
tance of the four Process Standards—Problem
Solving, Reasoning, Connections, and Communi-
cation—articulated in the NCTM’s 1989 Curricu-
lum and Evaluation Sandards. They also acknow!-
edge the central importance of the process of
mathematical representation. In the 1989 San-
dards document, representation was discussed as
part of the communication standard. Recognizing
the important role that it plays as both a tool for
communication and atool for thinking (seefig. 1),
representation is given more prominence in the
updated Principles and Sandards.

In the opening vignette of this article, the third
graders used representations to model the action of
a story problem that they understood. Their repre-
sentations helped them solve the problem and
share their thinking with others. The students used
mental mathematics, paper and pencil, linking
cubes, and pictures to represent their actions as
they solved the problem. Each representation gave
the student who used it a means for understanding
and thinking through the problem. Such represen-
tations are essential in enabling children to analyze
problems and find ways to solve them. Note that
the representations used by the children clearly
grew out of their own thinking. This aspect is an
essential component of good representations—they
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should represent how the children are thinking
about a problem. In some instances, children are
taught to use concrete materials as the only way to
solve a problem, and such materials may come to
replace the child's thinking rather than represent it.
As a result, the materials may actualy interfere
with learning or, at the least, become an aternative
way of solving problems rather than a pathway to
understanding mathematics.

When students are able to represent a problem
or mathematical situation in a way that is mean-
ingful to them, the problem or situation becomes
more accessible. Using representations—whether
drawings, mental images, concrete materias, or
equations—helps students organize their thinking
and try various approaches that may lead to a
clearer understanding and a solution.

Students’ thinking and the representations that
express this thinking can vary greatly, even when
addressing a single idea. One student may orally
describe her interpretation of the mathematical
concept or problem. Another may model it with
base-ten blocks. Still another may draw a picture
that illustrates an understanding and a solution for
the problem, and another may use an application
on the computer to represent and solve the prob-
lem. A computer representation could take the
form of a geometric shape that is aready in the
computer software or one that is drawn and manip-
ulated by the student. Students could also use ani-
mated manipulatives to model a situation.

The following conversation with a fourth-grade
student illustrates another important point about
representations, namely, that numerical representa-
tions, like concrete representations, should repre-
sent students' thinking.

Interviewer. Melanie, these two circles represent
piesthat were each cut into eight piecesfor a party.
This pie on the left had seven pieces eaten from it.
How much pieis left there?

Melanie. One-eighth.

Interviewer. Could you write that number for me?

Statement of the

12 should enable all students to—

communicate mathematical ideas;
tations to solve problems;

and mathematical phenomena.

Representation Standard

Instructional programs from prekindergarten through grade
e create and use representations to organize, record, and
» select, apply, and translate among mathematical represen-

* use representations to model and interpret physical, social,
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Melanie. Yes. [Writes 1/8.]

Interviewer. The pie on the right had three
pieces eaten from it. How much is left of that pie?

Melanie. Five-eighths.

Interviewer. Please write that number for me.
[Melanie writes 5/8] Mélanie, if you put those
together, how much of apieisleft?

Melanie. Six-eighths.

Interviewer. Write that for me. [Melanie writes
6/8.] Melanie, could you write a number sentence
to show what you just did? If you want, you may
use the numbers you already wrote.

[Melanie writes 1/8 + 5/8 = 6/16 by putting the
plus sign and equal s sign between the numbers she
has already written and changing the 8 in 6/8 to

6/16)]

Interviewer. What is the answer?

Melanie. Six-sixteenths.

Interviewer. That's not the same as you told me

before. Isthat OK?

Melanie. Yes, this is the answer you get when

you add the fractions.

What could have happened to allow Melanie to
be able to deal with the story and its representa-
tions so well, yet cause her to make such an error
when switching to numerical representations?

Students’ interpretations of the = symbol

8=[0] -5

‘What number should go in the box? How do you know?

T Know that 5is las2
then B0 yow cah not
4qke q h/ay,

Although we do not know for sure, we believe that
Melanie made this mistake because the numbers
and symbols that she used were not representations
of her thinking. If the symbolic work that students
do does not represent understanding, if it is not a
way of communicating their thinking, then chil-
dren may be willing to accept nonsense answers to
mathematical problems simply because they
arrived at the answers by manipulating symbolsin
a way that they thought was correct. We must
aways remember that the numbers that children
write must be representations of their thinking. As
soon as symbols become replacements for think-
ing, we have missed our learning target.

Promoting Appropriate
Use of Representation

in the Classroom

At the pre-K—6 levels, representation must be an
important component in the daily planning
of mathematics experiences for all children. Ques-
tions such as the following may drive such
planning:

e How will my students represent the mathemati-
cal ideas of the lesson?

Directions: Choose the number that goes in the blank space to
make this number sentence be true.

7+5=_19,  +4=|G
@12 B)5 0)8 D) 16

chouse A Pecause
if Yoy add 15 You
3C‘IL 13 and So fl’)Q'}"S

My anSlieh,

Directions: Choose the number that goes in the blank space to
make this number sentence be true.

7+5= +4

B)S )8 D) 16
5)(6 Yhen odd  2-

qou dor't 4% g et

because  The 2t
S VS £rs 7

Directions: Choose the number that goes in the blank space to
make this number sentence be true.

T+5= +4

A) 12 B)S @3 D) 16

7+5=1)

[>-4=%

Answer=C<
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e What models might be helpful in representing
such mathematical ideas?

e How might my students use representations to
organize, record, and communicate mathemati-
cal ideas?

e How might my students select, apply, and trans-
late mathematical representations to solve
problems?

e How will my students use representations to
model and interpret physical, social, and mathe-
matical phenomena?

e What does the representation being used by a
student tell me about that student’s understand-
ing of the mathematics?

e How can | encourage my students to use repre-
sentations regularly to enable them to explore
mathematical ideas?

When some children do not naturally turn to
representations to clarify their ideas, teachers must
find ways to help them get started. Other students
can provide models. Many teachers circulate while
students are working on a problem and select those
students who are using good strategies and repre-
sentations to share their work when the class comes
together to discuss the problem. Helping students
model their thinking is one way to give them
access to representations that they can use to solve
a problem (Steele 2000).

Students need to see, hear about, and try various
representations for any problem. Teachers play an
important role in modeling various representations
by asking students what they are thinking, then
representing that thinking with drawings, equa-
tions, or informal notes. Modeling appropriate rep-
resentations of an idea is a good way to help stu-
dents remember and visualize their ideas. Students
must understand, however, that the teacher’s repre-
sentation is not the only correct way to represent
the idea. The goal is to give students opportunities
to think through, and choose from, avariety of rep-
resentations in their quest to make sense of the
mathematics that they are learning.

lllustrating
Representation in the

Mathematics Classroom

The following examples show how students use
representations to model, explore, and better
understand particular concepts and how teachers
can learn about students' thinking from those
representations.

Representing equality
Sometimes students do not understand the repre-
sentations that adults use and take for granted. An
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example isthe “is equal to” symbol. Typically, the
“=" symbol comes after the operation symbol (e.g.,
43 + 69 = 112) rather than before it (e.g., 112 =
43 + 69). This placement causes some students to
misinterpret the symbol (Falkner et a. 1999). Stu-
dents may interpret the equals sign as representing
the instruction “Now do it Others interpret the
symbol to mean “The answer comes next.” These
limited interpretations may hamper the leap into
later mathematics because advancing in mathemat-
ics requires a more complete understanding of
equations and equality. Symbols represent mathe-
matical ideas. Teachers must be sensitive to stu-
dents’ thinking and work with students to ensure
that they interpret the symbols correctly. Figure 2
shows various interpretations of the = symbol by
students from several grades.

Representing perimeter and area
Fourth-grade students made a five-centimeter-by-
seven-centimeter rectangle on centimeter grid
paper. They found the distance around that shape
and used the term perimeter. Then they drew aline
from one corner of the rectangle along a diagonal
to the opposite corner. They cut the rectangle along
that line. Next they were asked to find all the new
shapes that they could make by reassembling the
two resulting triangles along matching sides.
Finally, they were asked to decide whether al the
new shapes had the same perimeter and area. By
manipulating the triangles, students discovered a
variety of new quadrilaterals and triangles. They
investigated the perimeters of these new shapes and
logically explained why the perimeters were differ-
ent instead of the same. Some students then pro-
claimed, “The perimeters change, but the areas are
all the same.” In this example, the teacher was able
to furnish a representation that the students could
manipulate and use to discover some interesting
geometric ideas for themselves.

Representing measurements

Third graders were given rulers and the task of
measuring the length of their textbook and other
objects. The rulers that they were given were a bit
unusual, because they were “broken.” Some of the
rulers started at 3 rather than 0. Others started at 2
or 1. Some of the studentsignored this discrepancy,
lined up the rulers with one edge of the book, and
recorded the number that lined up with the other
edge. They recorded the length without question,
even though they found an eight-inch book to have
a measure of ten or even twelve inches. Others
complained to their teacher that they could not
make the measurement because the ruler was “ bro-
ken.” When told to figure out a way to use the
rulers, many students could not do so. O
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Why were many of these students stumped by
this task? The answer may be that they never
understood that the meaning of the number they
attain when measuring length represents what they
would have gotten if they had counted the inches
one at a time. In the past, they may ssimply have
used a standard ruler, matching it to the length
being measured and recording a number that had
no rea conceptua meaning to them. Many stu-
dents may not connect the concept of measurement
as away of counting units with the measurement
tool, such as a ruler or formula, because they are
not encouraged to represent and use measurement
units in their most basic forms, in other words, to
actually count the units.

The acts of representing measurement units and
procedures are often skipped as students are
pushed too quickly to use procedures that produce
answers having no real meaning for them. For
many students, the result is efficiency at the price
of understanding. Note how fourth-grade students
responded to the following item from the sixth
National Assessment of Educational Progress
(Kenney and Silver 1997):

A rectangular carpet is 9 feet long and 6 feet
wide. What is the area of the carpet in square
feet?

a) 15 b) 27

c) 30 d) 54

Of the students tested, 45 percent chose (@) as the
answer; 16 percent chose (b); 19 percent chose (¢);
and 19 percent chose (d), the correct response. We
conclude that 81 percent of the students tested were
unable to visualize, or represent, a nine-by-six rec-
tangle and units of square feet. If they had been able
to do so, then they could have used counting to
solve the problem; they would not have needed any
formula. Activities that involve students in measur-
ing with single units; estimating measurements; and
creating their own measurement tools, including
formulas, by applying the single units can help stu-
dents build the understanding that the number
attained in a measurement situation is a representa-
tion of the attribute that they are measuring.

Representing data

Second graders were working on a question that
asked, “How tall are second graders?’ Initially, the
students were confused by the question because
they knew who was tallest and shortest in the class.
One student suggested that the students line up
according to their heights, forming a human bar
graph. This idea seemed to work. The students
could see not only who was tallest and shortest but
also what the middle of the class looked like, and

they could think about how tall most of the stu-
dents were. They decided that if they counted from
each end, they could find the middle height for the
class. They could also spot the number of students
who were very close to the same height. The stu-
dents made the following statements about their
real-life graph:

e Most of the class members were between the
heights of Stacey and Heather.

e Brett wasin the middle.

e Quinn was shortest, and Tom was tallest.

e More short people were in the class than tall
people. (The students defined tall as being a bit
taller than those in the middle. They defined
short similarly.)

The students returned to their seats and wrote
about the class data in their journals. Note that
these students were analyzing measures of center,
as well as the entire distribution (their class), in
response to a question that interested them. They
physically represented the median, mode, and
range and informally discussed each of these
important ideas. Their writing served as an addi-
tional representation of their thinking.

Summary

Representation is a process, an essential compo-
nent of both teaching and learning, a way to model
mathematics, and a way for students to show their
thinking about mathematics. Teachers can use rep-
resentation to clarify mathematical ideas to stu-
dents, to access students' mathematical thinking,
and to help students translate a mathematical idea
into a form that they can mentally or physicaly
manipulate to gain understanding.
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